We calculate shallow three-body bound states in the universal regime, defined by Efimov, with inclusion of both scattering length and effective range parameters. We find corrections to the universal scaling laws for large binding energies. For narrow resonances we find a distinct nonmonotonic behavior of the threshold at which the lowest Efimov trimer merges with the threebody continuum. The origin of the three-body parameter is related to the two-body atom-atom interactions in a physically clear model. Our results demonstrate that experimental information from narrow Feshbach resonances and/or mixed systems are of vital importance to pin down the relation of two-and three-body physics in atomic systems.
Introduction. The counterintuitive behavior of threebody systems at the threshold for two-body binding is highlighted by the Efimov effect where an infinitude of geometrically scaling states appears [1] . While unsuccesfully sought for in nuclear physics [2] , the effect has been confirmed and explored in ultracold atomic gases [3] . From the theoretical point of view these systems have been described accurately by universal theories that only take the lowest order scattering dynamics into account through the two-body scattering length, a [4, 5] . However, the overall scale of the spectrum cannot be obtained in the universal theory and the so-called three-body parameter, Λ, is needed to complete the formalism.
In ultracold atomic gases, trimer physics can be studied using inter-atomic Feshbach resonances [6] that provide tunability of a over many orders of magnitude. The parameters of these resonances will in general depend on the microscopic details of a particular atomic system. Still, in a surprising development, the Grimm group have reported strong indications that the three-body parameter is determined by the van der Waals length, r vdW [7] . This implies that atomic trimer physics in the weakly bound limit only depend on two-body parameters. The experimental findings have generated a flurry of recent theoretical interest [8] [9] [10] [11] . It has been suggested that the presence of many deep bound states in the two-body potential typical of alkali atom systems will suppress the dependence on short-range physics due to a large inner repulsive barrier [9, 10] .
The most natural way to eliminate any need for a three-body parameter is to use a finite-range two-body potential that exhibits the known features of the interatomic interaction. Here we pursue this natural and straightforward approach to the issue of the origin of Λ in three-body physics. As three-body calculations with finite-range potentials are typically very cumbersome, it is highly desirable to have simple models that mimic the finite-range physics. Therefore we consider here a model with zero-range interactions that includes finite-range correction effects. Consequently, we solve the threebody Schrödinger equation using one-and two-channel models for the description of the Feshbach resonances
log(sres) [15] .
that are used to control interactions in experiments [6] . The three-body parameter is considered parametrically in both models, and this allows us to study the threshold behavior of Efimov trimers as function of Λ and the width of the Fesbhach resonance which is related to the effective range, r e [6] . Here r vdW and r e are intimately connected through semiclassical calculations [16] [17] [18] . It is conceivable that this explains the observed values of Λ as r e or r vdW provides a background scale that determines the overall scale. However, given the delicate non-classical nature of the universal trimer states it is far from obvious if and how this can work out.
The experimental findings indicate that for several different atomic species the ratio of threshold scattering length a (−) for creation of Efimov trimers out of the three-body continuum is of order a (−) /r vdW = 8.5 ∼ 9.5 [9] . Here we show that this result can be obtained in a single-channel zero-range model for a specific choice of Λ, which can be related to the underlying two-body atomatom physics in a natural way. Within a two-channel model we find an intriguing non-trivial behavior of a (−) for narrow resonances, irrespective of the three-body parameter, see Fig. 1 . We also study the behavior of a (−) as a function of the number of bound states allowed by the two-body atomic potential for both one-and twochannel models. Generally, we find that the inclusion of effective range decreases |a (−) |. Our results predict that narrow resonance systems are important for obtaining a full picture of the relation between two-and three-body parameters for universal bound state physics.
Method. We consider a system of three identical bosonic particles using hyperspherical coordinates [19] defined from the Cartesian coordinates r i ,r j ,r k through
i + y 2 i , and hyperangle, α i = tan
|yi| . {i, j, k} are cyclic permutations of {1, 2, 3} and ρ is independent of this choice. We apply the hyperspherical adiabatic approach with wave function Ψ(ρ, Ω) = ρ
is a set of angular coordinates. We keep only the lowest adiabatic potential corresponding to n = 0, and index n is henceforth suppressed. For the description of Efimov trimer states, this approximation has proven extremely accurate [4] . The radial equation is
where λ(ρ) is the eigenvalue to the hyperangular equation
in whichΛ 2 is the generalized angular momentum operator, V is the two-particle interaction potentials, and m is the atomic mass. In Eq. (1), the non-adiabatic corrections are omitted as they are found to be negligible.
We use zero-range single-channel and a two-channel interaction models [20] . The former is accurate for broad Feshbach resonances (small r e ) and the latter for narrow resonances (large r e ). Both models contain the background scattering length in the open channel, a open . Our model must predict three-body properties solely from two-body potentials, so we must insist that a open is a quantity most naturally associated to the two-body r vdW . In a semiclassical approach, the scattering length of such potentials isā ≡ 4π(Γ[1/4]) −2 r vdW ≈ 0.956r vdW [16] . Then a open should be identified with r vdW to within a few percent. The resonance strength is related to r e [20] . We characterize the strength by s res = r vdW /|R 0 |, where R 0 is the effective range when |a| = ∞ [6] .
Eq. (1) is solved numerically for f (ρ) with the condition f (ρ L ) = 0 for large ρ L . At short distance the zero-range models used here require a cut-off, ρ c , with f (ρ c ) = 0 [4] . Initially, we consider ρ c a parameter and study the three-body spectrum for different ρ c and different s res . ρ c is the coordinate-space equivalent of Λ. Below we relate the ρ c to the two-body atomic potential.
Results. In Fig. 2 we show trimer energies, E T , as function of a for both one-and two-channel models. We find that the two-channel energies are generally lowest when a < 0 and for a > 0 the trimers cross before merging with the atom-dimer continuum. As indicated in Fig. 2 , a (−) is the threshold scattering length for appearance of the lowest Efimov trimer on the negative a side. The two-channel model is here seen to move this threshold to the left, i.e. to smaller negative a (−) . These thresholds and the energy for |a| = ∞ are connected by universal relations, where lower energy on resonance translates to smaller |a (−) | at the threshold [1] . A systematic study of the influence of both ρ c and r e (or equivalently s res ) is shown in Fig. 1 which is one of our main results. The values of ρ c /r vdW from top to bottom in Fig. 1 are 1 .20, 0.82, 0.66, 0.58, 0.51, 0.47, 0.42, 0.40, and 0.38. They correspond to n = 0 to 9 in Eq. (4) below. Both models agree for s res ≫ 1 and we plot the two-channel model results only in the region where it deviates. We find that to reproduce the experimental data for s res ≫ 1, a cut-off of ρ c /r vdW = 0.58 is required. However, for small s res , the same cut-off does not reproduce the known data point coming from 7 Li (other measurements have smaller a (−) [21, 22] , which is closer to our predictions). While we do find an increase toward the 39 K data point at small s res , it cannot be accomodated for the same ρ c .
In general, we find that, irrespective of ρ c , the inclusion of effective range brings a non-monotonic behavior to a (−) Fig. 6 where the adiabatic potentials for different effective ranges, r e /r vdw = 0, −0.1, −1, −5, are shown. At r e = 0 the bound states generally reside at large ρ/r vdW [4] . The effective range causes an additional repulsive barrier initially leading to less bound energies when |r e | is small, since the bound state sitting at large ρ will feel the barrier at first. When the effective range increases the attractive region will ultimately lead to an increase in bound state energy as the wave function starts to occupy the pocket at smaller ρ. This is in sharp contrast to the study in Ref. [11] which finds the opposite behavior. As argued above, it is physically reasonable since E T is lower at finite r e < 0. We notice that our two-channel model has r e < 0 which is consistent with the usual theory of Feshbach resonances [6] . Ref. [11] appears to accomodate also r e > 0 and this may resolve the discrepancy. Connection to two-body potential. The zero-range model studied above does not carry information about the van der Waals length as it stands. However, the three-body parameter or cut-off, ρ c , has a physical meaning as it provides a hard-core repulsion in hyperspherical three-body coordinates. To connect the formalism to experimental data, it is therefore necessary to find a relation between the two-body atomic physics and ρ c . Below we consider different two-body interaction models and derive analytical formulas for the behavior of a (−) as the two-body interaction parameters are varied.
In Fig. 4 we plot Morse, Lennard-Jones, and a van der Waals potential with a hard-core at r c . We first focus on the van der Waals plus hard-core model, where r vdW = ( 
rounded to highest nearby integer.
In the zero-range single-channel model ρ c and a (−) are related, since ρ c is the only length scale available. However, it is a non-trivial matter to determine this relation within the model. Numerically, we find the linear relation a (−) = −δ ρ c , with δ = 31.756. To cast this relation into a form that depends only on two-body physics, we observe that the two-body hard-core at r c is also responsible for a three-body hard-core cut-off, more precisely ρ c = √ 2r c . This condition ensures that when each twobody subsystem has radius r ≥ r c , the third particle will also be outside r c with respect to the others (see Ref. [23] and the supplementary note A). We note that this relation is not the same as the ρ c used in Ref. [9] . Using a (−) = −δ ρ c we obtain
This semi-analytical expression for the threshold in terms of the number of bound states is one of our main results. The relation in Eq. (5) is plotted in Fig. 5 along with the experimental data and the numerical results obtained from the two-channel model for different value of s res . The one-channel model is consistent with data for n ∼ 10 − 20 and fits the universal ratio of Ref. [9] for n = 13. This is also consistent with the findings of Ref. [10] , although the data only goes to n = 10. Actually, the n −1/2 behavior that we find here seems to also appear in Ref. [10] , where an extension to higher n could confirm this prediction. [24] , and estimated number of bound states for Lennard-Jones, nLJ , and Morse, nM , potentials.
Even more interestingly, our results for small s res indicate that |a (−) | drops faster with n than for s res ≫ 1. This is seen in the experimental data on 7 Li which is slightly below the 85 Rb and 133 Cs points, but our model seems to overestimate this trend. Clearly, more results on narrow resonance systems are required to address the question of effective range corrections. We expect a lower |a (−) | value than for broad resonances. Two-body potential models Above we employed a van der Waals plus hard-core potential. However, as seen in Fig. 4 , more realistic Lennard-Jones or Morse potentials have a smooth behavior of the inner barrier. This implies only minor quantitative corrections that nevertheless deserve to be addressed along with the number of bound states expected in a real alkali dimer. The number of s-wave bound states in the LennardJones (LJ) and Morse (M) potentials can be estimated analytically and yields [25] n LJ = 0.361 √ β− with r min the radius at which the potential takes its minimal value, ǫ 0 . For comparison, the expression in Eq. (4) can be written n = 0.225
, with r min ↔ r c in β. The similarity of these expressions makes it clear that the behavior seen in Fig. 5 is generic and does not depend on our choice of two-body potential. The difference in constant provides only a minor quantitative change in the numbers.
An important question, however, remains about the number of bound states in a real alkali dimer system. Using the molecular dissociation energy, ǫ 0 = D e , and the bond length, r min = R e , of Ref. [24] , we list the numbers for Li, K, Rb, and Cs dimers in Tab. I. The estimated number of bound states is outside the axis in Fig. 5 and also much beyond the results shown in Ref. [10] . The agreement with theory at a rather limited number of bound states (n ∼ 10 − 20) is then quite surprising.
A number of important observations can be made. First, the decrease of |a (−) | with n is weak, and a shift of the length scale in Fig. 5 would therefore place the onechannel model within the experimental range for larger n and it would stay within the 15% deviation from the mean for a larger interval (since the slope at larger n decreases even faster). Second, the experimental data might indicate that only a certain number of bound states play an active role. Equivalently, even if the two-body potential is very deep, only the upper part of the twobody potential and the bound states closest to threshold set the scale of the three-body problem. This appears to be very reasonable since we are considering universal Efimov trimers here and not strongly bound three-body states. Third, the case of small s res has |a (−) | ∝ n −r with r > 1/2 as seen in Fig. 5 . This implies that narrow resonance systems should be even more insensitive to n beyond a certain lower limit.
We can give a quantitative argument for the lack of sensitivity to the many deeper bound states in a van der Waals potential. The number of bound states, n(E) as a function of energy, E, counted from the E = 0 threshold and down within the WKB approximation is n(E) = n 0 (|E|/E vdW ) 1/3 , where n 0 is the total number (given in Tab. I for different potentials) and E vdW = 2 /mr 2 vdW > 0 is the depth of the potential [26] . For the s res ≫ 1 cases ( 85 Rb and 133 Cs), n(E)/n 0 ∼ 0.10 − 0.20 which implies |E|/E vdW ∼ 0.001 − 0.01. Numerically we find a three-body energy on resonance E 3 = 0.006E vdW (using ρ c = 0.58r vdW ). However, universality relates E 3 = 2 κ 2 /m and a (−) κ ∼ −1.51 [1, 5] . The energy scale at the continuum threshold is given by a (−) through |E| ∼ 2 /m(a (−) ) 2 = 0.003E vdW , in agreement with the interval above. In the case of 7 Li, E 3 is similar but this is compensated by a smaller n 0 so this case can also be explained. For heavier alkali atoms with narrow resonance, our two-channel results predict a smaller a (−) /r vdW than 9.8, which is a good experimental test of our theory. Conclusions. We derive an analytical formula that connects a (−) and the number of s-wave bound states, n, in the two-body potential which agrees with recent experiments n ∼ 10 − 20. While alkali atoms typically have larger n, we argue quantitatively that only a subset determine the properties of Efimov three-body states. We find non-monotonic behavior of a (−) with increasing effective range which demonstrates that systems with narrow Feshbach resonances will provide both qualitative and quantitative understanding of universality and the origin of the three-body parameter. This means that different atomic species which typically have narrow resonances and a denser spectrum would be very helpful. 
where r 12 = r 1 − r 2 and r 12,3 = r 3 − (r 1 + r 2 )/2 are respectively the relative vector from particles 2 to 1 and the relative vector from the center of mass of 1 and 2 to particle 3 (see Fig 6) . Now consider the triangular configuration shown in a) of Fig. 6 . From the formula in Eq. (A1), it is clear that when r 12 = r c this setup also has ρ = r c . However, the linear configuration of b) in Fig. 6 with ρ = r c will then have two atoms that are within the hard-core radius and yield an infinite contribution to the potential energy (this happens f.x. when |x| = r c and y = 0 putting atom 3 midway between 1 and 2).
Consider instead the linear configuration with r 12 = r c and impose the requirement r 23 ≥ r c , where r 23 = r 2 − r 3 . Since we have r 12,3 = r 23 + r 12 /2 we get 
We thus see that the condition ρ > √ 2r c ensures that both triangular and linear configurations are outside the hard-core regions. Since these configurations are extremal, the condition implies that no regions with infinite potential are sampled by the hyperradial three-body wave function.
The rigourous formal argument for the validity of the relation ρ c = √ 2r c using the hyperspherical approach can be found in Ref. [23] , where the relation is derived using a square well potential. The asymptotic region is precisely ρ > √ 2r c as found above. Here we assumed a hard-core potential for simplicity which gives the factor of √ 2. For a real atom-atom potential, the hard-core is slightly softer (typically of the 1/r 12 ) which may lead to a minor change in the factor.
The hyperspherical approach and the use of the lowest hyperradial potential to describe Efimov states is a well-known and accurate procedure. Additionally, as we have shown above, a hard-core repulsion in the two-body potential naturally generates a hyperspherical cut-off radius, ρ c = √ 2r c . This constitutes a clear and simple explanation of the repulsive core found in the numerical calculations in Ref. [10] , and our results demonstrate that a simple model can accurately describe those numerically involved findings. We thus see how the value √ 2r c for the three-body cut-off parameter naturally derives from the hard-core behavior of the corresponding two-body potential.
